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Introduction. 

In this paper we prove the compatibility at places dividing I of the local and 
global Langlands correspondences for the Z-adic Galois representations associated to 
regular algebraic conjugate self-dual cuspidal automorphic representations of GL n 
over an imaginary CM field in the special case that the automorphic representations 
have Iwahori-fixed vectors at places dividing I and have Shin-regular weight. In the 
sequel to this paper [BLGGT11 we build on these results to prove the compatibility 
in general (up to semisimplification in the case of non-Shin- regular weight). 

Our main result is as follows (see Theorem 11.21 and Corollary 11.31) . 

Theorem A. Let m > 2 be an integer, I a rational prime and i : Q t —> C. Let 
F be an imaginary CM field and II a regular algebraic, conjugate self-dual cuspidal 
automorphic representation of GL m (Ap). If II has Shin-regular weight and v\l is a 
place of F such that nJ, Wm '" ^ {0}, then 

»WD(rj,,(II)| G ,. ) F " SS <* rec(IL, ® | clct \^- m )/ 2 ). 

In particular WD(n jZ (n)|<3 Fu ) is pure. 

(See Section[T]for any unfamiliar terminology) The proof is essentially an imme- 
diate application of the methods of |TY07j , applied in the setting of |Shil0j rather 
than that of |HT01] , and we refer the reader to the introductions of those papers 
for the details of the methods that we use. Indeed, if II is square-integrable at 
some finite place, then the result is implicit in |TY07) . although it is not explicitly 
recorded there. For the convenience of the reader, we make an effort to make our 
proof as self-contained as possible. 

Notation and terminology. We write all matrix transposes on the left; so *A 
is the transpose of A. We let B m C GL m denote the Borel subgroup of upper 
triangular matrices and T m C GL m the diagonal torus. We let I m denote the 
identity matrix in GL m . We will sometimes denote the product GL m x GL n by 

m , n • 

If M is a field, we let M denote an algebraic closure of M and Gm the absolute 
Galois group Gal (M/M). Let e/ denote the Z-adic cyclotomic character 

Let p be a rational prime and K/Q p a finite extension. We let Ok denote the 
ring of integers of K, pK the maximal ideal of Ok, k{vK) the residue field Ok/pk, 
vk '■ K x -» Z the canonical valuation and | \k ■ K x — > Q x the absolute value given 
by \x\ K = #{k{vK))~ UK[x) ■ We let | \]^ 2 : K x M> denote the unique positive 
unramified square root of | \k- If K is clear from the context, we will sometimes 
write | | for | \k- We let Frob^ denote the geometric Frobenius element of G^ VK ) 
and Ik the kernel of the natural surjection Gk Gj~( VK y We will sometimes 
abbreviate FrobQ p by Frob p . We let Wk denote the preimage of Frob^- under the 
map Gk -» Gk(v(K))i endowed with a topology by decreeing that Ik C Wk with 
its usual topology is an open subgroup of Wk- We let Art a- : K x W K h denote 
the local Artin map, normalized to take uniformizers to lifts of Frobff- 

Let f2 be an algebraically closed field of characteristic 0. A Weil-Deligne repre- 
sentation of Wk over ft is a triple (V, r, N) where V is a finite dimensional vector 
space over f2, r : Wk GL(V) is a representation with open kernel and N : V — > V 
is an endomorphism with r(a)Nr(a)^ 1 — |Art K (o)\kN. We say that (V,r,N) is 
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Frobenius semisimple if r is semisimple and we let (V, r, N) F ~ SS denote the Frobe- 
nius semisimplification of (V,r,N) (see for instance Section 1 of [TY07] ) and we 
let (V,r,N) ss denote (V,r ss ,0). If has the same cardinality as C, we have the 
notions of a Weil-Deligne representation being pure or pure of weight k - see the 
paragraph before Lemma 1.4 of |TY07j . 

We will let recK be the local Langlands correspondence of [HTOlj . so that if tt 
is an irreducible complex admissible representation of GL n [K), then recR-M is a 
Weil-Deligne representation of the Weil group Wk ■ We will write rec for recK when 
the choice of K is clear. If p is a continuous representation of Gk over Q; with 
/ 7^ p then we will write WD(p) for the corresponding Weil-Deligne representation 
of W K . (See for instance Section 1 of |TY07j .) 

If to > 1 is an integer, we let Iw m ^K C GL m (OK) denote the subgroup of matri- 
ces which map to an upper triangular matrix in GL m (/c(i/R-)). If 7r is an irreducible 
admissible supercuspidal representation of GL m (K) and s > 1 is an integer we let 
Sp s ( 7r ) be the square integrable representation of GL mr (K) defined for instance 
in Section 1.3 of |HT01) . Similarly, if r : Wk — > GL m (fl) is an irreducible repre- 
sentation with open kernel and tt is the supercuspidal representation rec^ (r), we 
let Sp s (r) = rec/f (Sp s (7r)). If K' /K is a finite extension and if tt is an irreducible 
smooth representation of GL n (K) we will write BC k 1 /kC 71 ") f° r the base change of 
tt to K' which is characterized by recK 1 (ttk > ) = rec/f (tt)\w k , ■ 

If p is a continuous de Rham representation of Gk over Q p then we will write 
WD(p) for the corresponding Weil-Deligne representation of Wk (its construction, 
which is due to Fontaine, is recalled in Section 1 of |TY07j ). and if r : K Q p is a 
continuous embedding of fields then we will write HT T (p) for the multiset of Hodge- 
Tate numbers of p with respect to r. Thus HT r (p) is a multiset of dim p integers. 
In fact, if W is a de Rham representation of Gk over Q p and if r : K (Q p then 

the multiset HT r (VF) contains i with multiplicity dim^ (W ® t ,k K(i)) Gfc . Thus 
for example HT T (e;) = {—1}. 

If F is a number field and v a prime of F, we will often denote Frobp^, k{ypj) 
and Iw mi F v by Frob„, k(v) and lw m ,v If cr : F =-> Q p or C is an embedding of fields, 
then we will write F a for the closure of the image of a. If F' /F is a soluble, finite 
Galois extension and if tt is a cuspidal automorphic representation of GL to (Af) we 
will write BC f'/f(^) for its base change to F', an automorphic representation of 
GL n (AK')- If R : Gf — > GL m (Qi) is a continuous representation, we say that R 
is pure of weight w if for all but finitely many primes v of F, R is unramified at 
v and every eigenvalue of i?(Frob^) is a Weil (#k(v)) w -number. (See Section 1 of 
|TY07j .) If F is an imaginary CM field, we will denote its maximal totally real 
subfield by F + and let c denote the non-trivial element of Gal (F/F + ). 

1. Automorphic Galois representations 

We recall some now-standard notation and terminology. Let F be an imaginary 
CM field with maximal totally real subfield F + . By a RACSDC (regular, algebraic, 
conjugate self dual, cuspidal) automorphic representation of GL m (Ap) we mean 
that 

• n is a cuspidal automorphic representation of GL m (A^) such that has 
the same infinitesimal character as some irreducible algebraic representation 
of the restriction of scalars from F to Q of GL m , 
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• and n c = n v . 

We will say that II has level prime to I (resp. level potentially prime to I) if for 
all v\l the representation LI U is unramified (resp. becomes unramified after a finite 
base change). 

If £1 is an algebraically closed field of characteristic we will write (Z m ) Hom ( F - n ),+ 
for the set of a = (a T<i ) G (Z m ) Hom ( F >°) satisfying 

a T,l > ' ' ' > Cl T m . 

We will write (Z ro )J ODl(F ^ ) for the subset of elements a G (Z m ) Hom ( F '°) with 
If F'/F is a finite extension we define a F > G (Z m ) Hom ( F '>°)<+ by 

( tt F')r,i = O r | F:l . 

Following [ShilO] we will be interested, inter alia, in the case that either m is odd; 
or that to is even and for some r £ Horn Q) and for some odd integer ? we 
have a T ,i > a T ,i+i- If either of these conditions hold then we will say that a is 
Shin-regular. (We warn the reader that this is often referred to as 'slightly regular' 
in the literature. However as this notion is strictly stronger than 'regularity' we 
prefer to use the term Shin-regular.) If a G (Z m ) Hom ( F ' C )>+, let E a denote the 
irreducible algebraic representation of GLm° m ^ F,C ^ which is the tensor product over 
t of the irreducible representations of GL n with highest weights a T . We will say 
that a RACSDC automorphic representation II of GL m (Ap) has weight a if IIoo 
has the same infinitesimal character as S^. Note that in this case a must lie in 
(Z m ) Hom ^ F,c ^ 

We recall (see Theorem 1.2 of |BLGHT09j ) that to a RACSDC automorphic 
representation II of GL m (A^) and ! : Q ; 4 C we can associate a continuous 
semisimple representation 

ri,t(n) : Gal (F/ F) — > GL m (Qi) 
with the properties described in Theorem 1.2 of [BLGHT09] . In particular 

r M (n) c -n, l (n) v ® ei 1 - ro . 

For u|Z a place of F, the representation ri^(Jl)\G F is de Rham and if r : F Q ; 
then 

HT r (rj ( ,(7r)) = {a 4T ,i + m - 1, a, T)2 + m - 2, a ir!m }. 
If v/i, then the main result of [Car 10] states that 

iWD( ri 4U)\ GFv f~ ss S rec(n, ® | det p-™)/ 2 ). 

We recall the following result which will prove useful. 

Proposition 1.1. Let Q be an algebraically closed field of characteristic and of 
the same cardinality as C. 

(1) Suppose K/Qp is a finite extension. Let (V, r, N) and (V',r',N') be pure, 
Frobenius semisimple Weil-Deligne representations of Wk over fl. If the 
representations (V,r SB ) and (V',(r') ss ) are isomorphic, then (V,r,N) = 
(V',r',N'). 
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(2) If F is an imaginary CM field and IT is a RACSDC automorphic represen- 
tation of GL n (Ap), then for each i : O C and each finite place v of F, 
i~ 1 rec(n„) is pure. 

Proof. The first part follows from Lemma 1-4(4) of |TY07j . For the second part, 
Theorem 1.2 of [Car 10] states that lit, is tempered for each finite place v of F. If 
a is an automorphism of C, then there is a RACSDC automorphic representation 
IT' = CT n°° ® 11^ of GL n (A F ) (see Theoreme 3.13 of |Clo90j ) and we deduce that 
erIL, is tempered. The second part then follows from this and Lemma 1-4(3) of 
|TY07j . □ 

We can now state our main results. 

Theorem 1.2. Letm > 2 be an integer, I a rational prime andi : Q ; ^> C. Let L be 
an imaginary CM field and IT a RACSDC automorphic representation of GL m (Ai/). 
If II has Shin-regular weight and v\l is a place of L such that II^ Wm " ^ {0}, then 

zWD( n . i (n)| Gi J F - ss =rec(IL, ® | det l^™)/ 2 ). 

Before turning to the proof, we first record a corollary. 

Corollary 1.3. Let m > 2 be an integer, I a rational prime and i : Q t — > C. 

Let L be an imaginary CM field and LI a RACSDC automorphic representation of 
GL m (Kif). IfH has Shin-regular weight andv\l is aplace of L then WD(ri it (Il)\Q L ) 
is pure. 

Proof. Choose a finite CM soluble Galois extension F/L such that for each prime 
to |t; of F, BC Fm/Lv (Il v ) Iw ™^ ^ {0}. T hen W D(ru(n)| Gi? J is pure by Theorem 
UJand Proposition O Lemma 1.4 of |TY07j then implies that WD(r/,,(II)| Gi J 
is pure. □ 

The rest of this paper will be devoted to the proof of Theorem 11.21 

2. Notation and running assumptions 

For the convenience of the reader, we recall here the following notation which 
appears in [ShilOj : 

• If IT is a RACSDC automorphic representation of GL m (Ap) for some integer 
m > 2 and an imaginary CM field F, or if IT is an algebraic Hecke character 
of Alj/M x for a number field M, then Ri tl (Il) denotes n, l (IT v ). 

• If L/F is a finite extension of number fields, then Kbirl/f (resp. Unr^/^, 
resp. Spl i)/J? ) denotes the set of finite places of F which are ramified (resp. 
unramified, resp. completely split) in L. We denote by Spl L y FJ j the set of 
rational primes p such that every place of F above p splits completely in L. 

• If F is a number field and tt is an automorphic representation of GL n /p, 
then RamQ(7r) denotes the set of rational primes p such that there exists a 
place v\p of F with tv v ramified. 

• If G is a group of the form H(F) for F/Q p finite and H/F a reductive 
group; or H(Ap') for F a number field, H/F a reductive group and T a 
finite set of places of F containing all infinite places; or a product of groups 
of this form, then we let Irr(G) (resp. Irr;(G)) denote the set of isomorphism 
classes of irreducible admissible representations of G on C-vector spaces 
(resp. Q r vector spaces). We let Groth(G) (resp. Groth;(G)) denote the 
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Grothendieck group of the category of admissible C-representations (resp. 
(^-representations) of G. (See Section 1.2 of [HT01] .) 

• e : Z — > {0, 1} is the unique function such that e(n) = n mod 2. 

• 3> n is the matrix in GL n with ($> n )ij — (~ l) J+1 <5i,n+i-j- 

• If R — > S is a homomorphism of commutative rings, Rs/r denotes the 
restriction of scalars functor. 

• If 7r is a representation of a group G with a central character, we denote 
the central character by 

We now fix the following notations and assumptions which will be in force from 
Section |3] to Section [5] 

• E is a quadratic imaginary field; 

• F+ is a totally real field with [F+ : Gj > 2; 

• F — EF + and Rarnp/Q C Spl F / F 

• t : F c — y G is an embedding and t f — t\e', 

• $ c = Horn (F, C) and = Horn E>TE (F, C); 

• n > 3 is an odd integer; 

• p £ Sp\ E /Q, is a rational prime and u|p is a prime of F; 

• w is a prime of F above w and w\ = w, W2, ■ ■ ■ , w r denote all of the primes 
of F above it; 

• L p '■ Q P ^ C is an isomorphism such that i" 1 o r induces the place w; 

• I is a rational prime (possibly equal to p) and i : Q ; ^> C. 
Define algebraic groups G n and G n over Z by setting 

G n (R) = {(A,<?) G i? x x GL„(C F ® z i2) : gQjg = A$„}, and 

G„(i?) = R OE /z(G n x z £> s )(i?) = G n (0 E ®z R) 

for any Z-algebra R. Then G„ x^Q and G n Xz Q are reductive. We let 8 denote 
the action on G n induced by (l,c) on G n Xz Oe- 

If i? is an E- algebra, then G n (R) is a subgroup of i? x x GL n (F ®q i?) = i? x x 
GL n {F® E R) x GL n {F ®E, C R) and the projection onto i? x x GL n {F® E R) defines 
an isomorphism 

G n {R) — R x x GL n (F <E>e R). 
It follows that G„ xqE^ G m x R F / E (GL n ). 

If D £ Unr^/Q, then K v :— G n (Z v ) (resp. K„ := G n (Z K )) is a hyperspecial 
maximal compact subgroup of Gn(Q„) (resp. <G„(Q„)). In this case we say that a 
representation of G n (Qv) (resp. G rl (Q„)) is unramified if the space of ift,-invariants 
(resp. K„-invariants) is non-zero. Furthermore, wc define the unramified Hcckc 
algebras 'H ur (G„(Q„)) and - H ur (G„(Q„)) with respect to K v and K v respectively, 
as in Section 1.1 of [ShilOj . (We note that these are C-algebras.) If T is a set of 
places of Q with {oo} U Ram F/Q c T, we let K T = H V ^ T K v C G„(A T ). 

We say that a representation Ii v of G„(Q t ,) is 0-stable if II„ o = Ii v and we 
let Irr 6 '~ st (G n (Q 1 ,)) C Irr(G„(Q„)) be the subset of 0-stable representations. For 
v E Unr F/Q , we let Irr ur (G(Q„)) C Irr(G(Q„)) (resp. Irr ur (G n (Q„)) C Irr(G n (Q w )), 
resp. Irr ur ' e_st (G„(Q„)) C G„(Q„)) denote the subset consisting of unramified 
(resp. unramified, resp. unramified, 0-stable) representations. 

Let # : R F /q(GL n ) — )• R F /q(GL n ) denote the map g Q^g -0 ^ 1 . If v is a 
rational prime, then 

G„(Q„) - G n {E ® Q Q„) S (E ® Q Q„) x x GL n (F ® Q Q„). 
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If (A, g) G G„(Q„), then 0(A,g) = (A c ,A c .g # ). Let U v g Irr(G„(Q„)) and write 
n t , = ip v Cgi Il.y with respect to the above decomposition of G n (Q„)- Then LI„ is 
0-stable if and only if (LLi) v = LTj o c, and ^ n i |(£<g, Q Q„)x = VSM<- 

We now recall the existence of local base change maps in the following cases (see 
Section 4.2 of (ShTTO) for details): 

• Case 1: If v € Unr^/Q, we have a map 

BC, : Irr ur (G„(Q„)) -> Irr ur ' e ~ st (G„(Q„)). 

(Note that the assumption u ^ RamQ(n7) in Case 1 of Section 4.2 of [ShilO] 
plays no role there.) This is induced by a homomorphism of C-algebras 
BC: : H UI {Gn(Qv)) n m (G n (Q v )). 

• Case 2: If v € Spl F /^+ q, we have a map 

BC„ : Irr(G n (Q„)) -> Irr - st (G„(Q„)). 

If in addition i> g Unr F /Q, then this map is compatible with the map in 
Case 1. 

In Case 2, the map BC„ is described explicitly in [ShilO] . We recall the explicit 
definition here, assuming v g Splg/Q. Let y\v be a place of E, and regard Q v as an 

E- algebra via Q„ E y . We get an isomorphism 

Y[GL n {F x ) 

x\y 

where the product is over all places of F dividing y. Let tt v £ Irr(G n (Q„)) and 
decompose n v — 7r„,o ® n y with respect to the above decomposition of G n (Q„). If 
we decompose 

G n (Qv) = E* x E* x l[GL n (F x ) x J[ GL n (F x .) 

x\y x\y 

then BC„(7r^) = (ip y , ipyc, n y , n y c), where 

(ipy, ^,U y ,U yC ) = (n p ,o,ir Pj o(il)n y \ E x °c),TTy,Tr*) 

and irf{g) := % (^n^ -0 *" 1 ). (In particular, it* = o c.) 

The discussion above can be carried out equally well in the setting of Qj- 
representations, and we define Irr ; _st (G„((Q)„)), hr"' (G(Q„)) etc. in the obvious 
fashion. We also define a base change map BC „ in Case 1 (resp. Case 2) by setting 
BC„(tt) = J - 1 BC,( l 7r) for rr g Ixr? 1 (G n (Q v )) (resp. rr g lxv(G n (Q v ))). 

Let £c denote an irreducible algebraic representation of G n over C. There is an 
isomorphism G„(C) = G n (E <23q C) = G„(C) x G n (C) induced by the isomorphism 
E ®q C4CxC which sends e £g> z to (r(e)z, r c (e)z). We associate to £ a 0-stable 
irreducible algebraic representation S of G n over C by setting H := £ (g) £. Every 
such 2 arises in this way. 

We also fix the following data: 

• V = F n as an F- vector space; 

• {•, •) : V x V —> Q is a non-degenerate pairing such that (fvi,V2) = 
(v%, f c V2) for all Ui,«2 S V" and / g F; 

• /i : C — > End f(^) ®q R is an R-algebra embedding such that the bilinear 
pairing (V" ®q R) x (V ®q R) — > R; (ui,^) *-> h(i)v2) is symmetric and 
positive definite. 
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Under the natural isomorphism End f(V) ®q M = n,re$t M n (C) we assume that 
h sends 



zL 



Z l-> 




for some p a ,Qa 6 ^>o with p a + q a = n. 

Define a reductive algebraic group G/Q by setting 

G(R) = {(X,g) G R x xGL n (F® Q R) : {gv 1: gv 2 ) = \(v 1 ,v 2 )for all v 1 ,v 2 e U® Q i?} 

for each Q-algebra R. Note that G n is a quasi-split inner form of G. Let : G — > G m 
denote the homomorphism which sends (A, g) to A. 

By Lemma 5.1 of [ShilO we can and do assume that (•, •} and h have been chosen 
so that 

• Gq^ is quasi-split for each rational prime v; 

• for each a G $J , we have (jp a , q a ) = (1, n — 1) if er = r and (p a , q a ) = (0, n) 
otherwise. 

As a consequence, we can and do fix an isomorphism 

Gx Q A 00 ^G n x Q A 00 . 

Using this isomorphism, we will henceforth identify the groups G n (Q v ) and G(Q„) 
for all primes v. Let Cq G Z >0 be the integer | ker 1 (Q, G)| • r(G) in the notation of 
[ShiTO] . 

Let T be a (possibly infinite) set of places of Q containing oo and let Tg n = 
T— {oo}. Let r be a Galois group with its Krull topology, or the Weil group of a local 
field, or a quotient of such a group. We define an admissible Q;[G(A T ) x r]-module 
to be an admissible Q z [G(A T )]-module R with a commuting continuous action of 
r (the continuity condition here means that for each compact open subgroup U C 
G(A T ), the induced map T — > Aut(R u ) is continuous for the Z-adic topology on 
R u ). We let Grothj(G(A T ) x T) denote the Grothendicck group of the category of 
admissible Q Z [G(A T ) x r]-modules. If R is an admissible Q ; [G(A T ) x L]-module, we 
let [R] denote its image in Groth;(G(A T ) x L). Wc let Irr;(G(A T ) x L) denote the 
set of isomorphism classes of irreducible admissible Q ; [G(A T ) x L]-modules. (See 
Section 1.2 of (HTOlj .l 

Now suppose that T is finite, that peT and let J/Q p be a reductive group. Let 
G' be a topological group which is of the form G(AT fin ) x T, or G(A Tfin _{ p }) x T, or 
G(A Tfin _ {p} )x J(Q P ). Let [X] G Groth/(G(A T )xG') and write [X] = n{-n T ® 
p) ■ [7r T (dp] where n(7r T ® p) G Z and 7r T (resp. p) runs through Irrj(G(A T )) (resp. 
Irr/(G')). For a given tt t G Irr ; (G(A T )), we let 

[X}[tt t ] =^n(7r T ®p) • [tt t ®p] G Groth;(G(A T ) x G'). 

p 

If Ram^/Q C T and II T G Irr(G„(A T )) is unramified at all v T, then we define 
[X][n T ] = ^[X][tt t ] G Groth/(G(A T ) x G') 

where the sum is over all ir T G Irr/(G(A T )) with tt t unramified at all v ^ T and 

Finally, suppose G' of the form G(Ay fin _{ p }) x T or G(AT fin ) x T and let i? be an 
admissible Q Z [G(A T ) xG']-module. Suppose Ram F/Q C T and II T G Irr(G n (A T )) is 
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unramified at all v <£ T - Let % ur (G(A T )) = <g>' v g T H ul '(G(Q v )), a commutative poly- 
nomial algebra over C in countably many variables. Similarly, let % ur (G„(A T )) = 
®«gT^ Ur ( G »( ! W)- Thcn nT corresponds to a maximal ideal n of "H ur (G„(A T )) 
with residue field C. Note that the space of i^ T -invariants R rT is a module over 
/,- 1 "H ur (G(A T )). We define 

m 

where m runs over the maximal ideals of H UI (G(A T )) with residue field C and which 
pull back to n under (g^^BC*. Then R rT {U T } is a G'-stable direct summand of 
R K \ 

3. Shimura varieties 

In this section we recall some results from [ShilOj . We begin with some definitions 
and refer the reader to Section 5 of [ShilO for more details. Let U be a compact 
open subgroup of G(A°°) and define a functor Xu from the category of pairs (S, s), 
where is S is a connected locally Noetherian .F-scheme and s is a geometric point 
of S, to the category of sets by sending a pair (S, s) to the set of isogeny classes of 
quadruples (A, A, i,ff) where 

• A/ S is an abelian scheme of dimension [F + : Q]n; 

• A : A — > A y is a polarization; 

• i : F ^ End (A) ®z Q such that A o i(f) = i(/ c ) v o A; 

• fj is a tti (S 1 , s)-invariant U -orbit of isomorphisms of F ®q A°°-modules r\ : 
V <8>q A°° VA S which take the pairing (•, •) on V to a (A°°) x -multiple 
of the A- Weil pairing on VA S := Hx(A s , A°°) (see Section 5 of |Kot92j ): 

• for each / G F there is an equality of polynomials deto s (/|Lie A) = 
det B (/|t/ 1 ) in the sense of Section 5 of [Kot92J (here V 1 C V®®E C V®qC 
is the -E-subspace where /i(rs(e)) acts by multiplication by 1 ® e for all 

• two such quadruples (A, A, i, -q) and (A', A', i', ij') are isogenous if there ex- 
ists an isogeny A — > A' taking A, i, 77 to 7A', i', 77' for some 7 6 Q x . 

If s and s' are two geometric points of a connected locally Noetherian F-scheme S 
then there is a canonical bijection from Xu{S,s) to Xu(S,s'). We may therefore 
think of 3£[7 as a functor from connected locally Noetherian ^-schemes to sets and 
then extend it to a functor from all locally Noetherian F-schemes to sets by setting 
3-f(LL = IL ^u(Si)- When U is sufficiently small the functor Xu is represented 
by a smooth projective variety Xu / F of dimension n— 1. The variety X;7 is denoted 
Sh[/ in [ShilOj . Let Au be the universal abelian variety over Xjj. 

If J7 and V are sufficiently small compact open subgroups of G(A°°) and g 6 
G(A°°) is such that <? _1 V^5 C f7, then we have a map 5 : AV — ► AT[/ and a quasi- 
isogeny g* : Ay — > g*Ajj of abelian varieties over Xy . In this way we get a right 
action of the group G(A°°) on the inverse system of the Xjj which extends to an 
action by quasi-isogenies on the inverse system of the A\j ■ 

Let I be a rational prime and let £ be an irreducible algebraic representation of 
G over Q ; . Then £ gives rise to a lisse Z-adic sheaf on each Xu- We let 

H k (X,jC £ ) = m^H k (Xu x F F,£i)- 

u 
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This is a semisimple admissible representation of G(A°°) with a commuting con- 
tinuous action of Gf and therefore decomposes as 

H k {X, C e ) = ® i?^(7r°°) 

7T 00 

where 7r°° runs over Irrj(G(A°°)) and each R^ ^ir 00 ) is a finite dimensional contin- 
uous representation of Gf over Q ; . 

We now recall results of Shin on the existence of Galois representations in the 
cohomology of the Shimura varieties in the following two cases: 

3.1. The stable case. Assume we are in the following situation: 

• n 1 is a RACSDC automorphic representation of GL„(A F ); 

• ip : Ag/E x — )• C x is an algebraic Hecke character such that ifin 1 \j k x = 
v c /v: 

• IT := if) eg) II 1 (an automorphic representation of G„(A) = GLi(Ae) x 
GL n (A F )) is S-cohomological for some irreducible algebraic representation 
S of G„/C; 

• Ram Q (n) c Spl F/F+! Q. 

Then E is 0-stable and so comes from some irreducible algebraic representation £c 
of G n over C as in Section [5] Let £ = i -1 £<Ci regarded as a representation of G/Q;. 
Let Ki(Tl) denote the set of G Irr ; (G(A°°)) such that 

• R^in 00 ) y£ (0) for some k; 

• 7r°° is unramificd at all v $ Ram f( /Q URamQ (LI) and 

bc 00 ^ 00 ) = n°°. 

(We note that BC v (iir v ) is defined for all v)(oo.) 

Let%(n) = e w » 6Wl(n) RU 1 ^)- 

Now, let T D {oo} be a finite set of places of Q with Ram F /Q U RamQ (LI) C 
r fin c Spl F / F+ _Q. Note that 

H k (X, C^ KT {U T } SS 7r Ttm ® i?^(0 C H k (X, Ct) 

7r°° 

where the sum is over all tt°° = n T ® 7r Ftin where 7r T is unramified and BC (iir T ) = 
II T . We then define an admissible Q; [G„(AT tin ) x G F ]-module 

BC Ttln (H k (X,^) KT {Il T }) := ©BC^K) ® 

7r°° 

where 7r°° runs over the same set. 

Theorem 3.1. (1) //tt 00 e 7^(11) then R^ ^t: 00 ) ^ (0) i/and onfy i/fc = 

(2) We have 

BC Tfto (ff w - 1 (x,£ € )* T {ir T }) = c*-^)® ^(n). 

(3) VLe /iaue 

^-i(n)« s* ^(n 1 )^ (E>i?i,,(^)| GF . 

Proof. The first part follows from Corollary 6.5 of [ShilOj . The second part follows 
from the proof of Corollary 6.4 of op. tit.. The third part follows from the proof 
of Corollary 6.8 of op. cit. (Note that the character rec/ A (i/j) which appears in the 
proof of this corollary is equal to i?; jl (V'~ 1 )-) □ 



LOCAL-GLOBAL COMPATIBILITY FOR I = p, I. 



11 



3.2. The endoscopic case. We now assume we are in the following situation: 

• mi, ?ri2 are positive integers with mi > m,2 and mi + m>2 = n; 

• for i = 1,2, LL is a RACSDC automorphic representation of GL mi (Ap) 
with RamQ(II i ) C Spl F /. • : : 

• w : Ag/E x — > C x is a Hecke character such that 

- RamQ(ro) c Spl F / F + )(( j; 

- tu| A x^Q X is the quadratic character corresponding to the quadratic 

extension E/Q by class field theory. 

• ip : Ag/E x — > C x is an algebraic Hecke character such that 

- (VriiVTlJUx = (^®vj N ^ m ^ m ^) c /{%i;®w N{m ^ m ^) where N(m 1 ,m 2 ) = 
[F+ : Q](mie(ra - mi) + m 2 e(n - mi))/2 G Z; 

- RaniQO) C Spl F/F+]Q . 

• for i = 1, 2, U M .i ■= Ui ® (tu o N f/f o det) e ( n -" 1 *); 

• IT := ip (g) n-Indg^™ xGLm ® LTm,2) (an automorphic representation 
of G„(A)) is S-cohomological for some irreducible algebraic representation 
3 of G„/C. (We note that the normalized induction is irreducible as TL^i 
and ITm.2 are unitary.) 

As above, we let £ be the irreducible algebraic representation of G over Q z such 
that 3 is associated to Let lZi(J\) denote the set of 7r°° G Irr;(G(A°°)) such that 



• .R^tt 00 ) ^ (0) for some fe; 



• tt°° is unramified at all v ^ Ram F /Q URamQ(II) U RamQ(tu) and 

BC 00 ^ 00 ) = n°°. 

Let Rl, l (Il) = & w ~ eni( n ) Rii(K co )- 

Let T D {oo} be a finite set of places of Q with Ram F /Q U RamQ(n)URamQ(n7) C 
T fin C Spl F / F+Q . We define 

BC Ttin (ff fe (X,£ £ )* T {II T }) 
exactly as in the previous subsection. 

Theorem 3.2. (1) If ir 00 <E Ki(IL), then R^n 00 ) ^ (0) if and only if k = 
n — 1. 

(2) We We 

BC Tfln (tf fc (x,£^ T {in) = ( i - 1 n ra j ® ^(n). 

(3) There exists an integer e2(LT, G) G {±1} depending on II and G smc/i £/ia£ 

(a) 7/e 2 (n,G) = 1 tfien 

^(nj-ss ^(no 00 ®^(^ e(n - mi) | • | ( "- mi)/2 )| GF . 

(b) 7/e 2 (n,G) = -1 then 

£n-l (n)ss fljit (n 2 )C G g, . |(n-m 2 )/ 2) | GF> 

Proof. The first and second parts follow respectively from Corollary 6.5 and the 
proof of Corollary 6.4 of [ShilOj . The third part follows from the proofs of Corollar- 
ies 6.8 and 6.10 of op. cit. (Alternative l3al corresponds to the case when ei = e2 in 
the notation of op. cit., while alternative [3b] corresponds to the case when ei = — e2. 
Note however that by Corollary 6.5 of op. cit., e\ = (— 1)™ _1 = 1. We therefore 
take e 2 (n,G) = e 2 .) □ 
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4. Integral models 

We now proceed to introduce integral models for the varieties Xjj and to deduce 
various results on these models, following the arguments of Section 3 of |TY07j . 
Recall that we have fixed an isomorphism GxqA°° = G„ xqA°°. Since p £ Spl E /Q, 
we have an isomorphism 

r 

G(Q p )=Q; xl[GL n (F Wi ) 

i=l 

and we decompose G(A°°) as 

r 

G(A°°) - G(A~'") x Q; x ]jGL n (F Wi ). 

i=l 

If m = (ma, • • • , m r ) £ Z>"^ , set 

r r 

C^(m) = JJker(GL„(0 F , U)i ) -> GL n (0 FlVH /w^)) C JjGi n (F Wj ). 

We consider the following compact open subgroups of G(Q P ): 

Ma(m) = Z* x GL n (0 F , w ) x f7™(m) 
Iw(m) = Z* x Iwn,™ x Up{m). 

Fix an m as above. If U p C G(A°° :P ) is a compact open subgroup, we let Uq = 
U p x Ma(m) and U = C/ p x Iw(m). For i = 1, . . . , r, let A* C V ®f F W( be a 
GL n {OF m . )-stable lattice. 

For each sufficiently small U p as above, an integral model of X\j a over Of, w is 
constructed in Section 5.2 of [ShilOj (note that Xu is denoted Sh^p^) in [ShilO 
with rh = (0,m2, . . . ,m r )). We denote this integral model also by Xjj a . It repre- 
sents a functor Xu from the category of locally Noetherian 0F,u>-schemes to sets 
which, as in the characteristic case, is initially defined on the category of pairs 
(S, s) where S is a connected locally Noetherian CV^-scheme and s is a geometric 
point of S. It sends a pair (S, s) to the set of equivalence classes of (r + 3)-tuples 
(A,\,i,Tp , where 

• Aj S is an abelian scheme of dimension [F + : Q]n; 

• A : A — > A v is a prime-to-p polarization; 

• i : O f End (A) <g> z Z (p) such that A o i(f) = i(f c ) v o A; 

• ?y p is a 7Ti(5, s)-invariant [7 p -orbit of isomorphisms of F ®q A°°' p -modulcs 
?7 P : y ® Q A°°'P ^> V p A a which take the pairing (•, •) on V to a (A 00 'P) X - 
multiple of the A- Weil pairing on V P A S ; 

• for each / £ Op there is an equality of polynomials deto s (/|LieA) = 
dcts(/|y 1 ) in the sense of Section 5 of [Kot92 ; 

• for 2 < i < r, a, : (w^ mi Aj/Aj) — > Afw^™*] is an isomorphism of 5-schemes 
with Op^-actions; 

and 

• two such tuples (A, A, , {«i}i = 2) and (A', A', i', (rf )', {a^}[ =2 ) are equiv- 
alent if there is a prime-to-p isogeny A — > A' taking A, i, rj p and on to 7A', 
i', (rf)' and for some 7 G Zj* , . 
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The scheme Xu is smooth and projective over Of,w As U p varies, the inverse 
system of the Xu^s has an action of G(A°° ,p ). 

Given a tuple (A, A, i, rj p , {ai} r i=2 ) over S as above, we let Qa = A[w°°\, a 
Barsotti-Tate 0i? ^-module over S. If p is locally nilpotent on S, then Qa has 
dimension 1 and is compatible (which means that the two actions of Of, w on 
Lie Qa (coming from the structural morphism S — > Spec0_F iM , and from i : Of ^ 
End (A) ®z Z( p )) coincide). We let Au denote the universal abelian scheme over 
X Uq , and we let Q = Qa Uq ■ 

Let Xjj denote the special fibre X Uo Xq Fw k(w) of X Uo , and for < h < n— 1, 

let X^ denote the reduced closed subscheme of Xjj whose closed geometric points 
s are those for which the maximal etale quotient of Q s has 0F,i«-height at most h. 
Let 

A Uo ~ A Ua ~ A Uo 

(where we set x\j^ = 0). Then X^ is non-empty. [We exhibit an F p point of X^ Q . 
Consider the p-adic type (F,rj) over F where rj w — l/(n[k(w) : ¥ p ]) and ij Wi = 
for i > 1. It corresponds to an isogeny class of abelian varieties with F- action over 
F p . Let (A,i)/¥ p be an element of this isogeny class. Then 

• A has dimension [F + : Q]n; 

• Cq = End F (A) is the division algebra with centre F which is split outside 
ww c and has Hasse invariant l/n at w; 

• and the p-divisible group A[w;°°] has pure slope l/(n[F w : Q p ]), while j4[to?°] 
is etale for i > 1. 

(See section 5.2 of [HTOlj .) Just as in the proof of Lemma V.4.1 of jHTOlj one shows 
that there is a polarization Ao : A — > A y and an F -vector space Wq of dimension n 
together with a non-degenerate alternating form ( , }q : Wq x Wo —> Q such that 

• Ao o i(a) — i(ca) y o \ for all a G F; 

• (ax, y)o = (x, (ca)y)o for all a £ F and x, y S Wo; 

• = Wo <8>q A°°' p as A^' p -modules with alternating pairings defined up 
to (A°°' p ) x -multiples (the pairing on V P A being the Ao-Weil pairing); 

• Wo <8>q K = V <8>q f as F (8>q R-modules with alternating pairings up to 
K x -multiples. 

(In fact Wo will be the Betti cohomology of a certain lift of (A, i) to characteristic 
0.) Let Go denote the denote the algebraic group of F-linear automorphisms of Wo 
that preserve ( , )o up to scalar multiples, and let <fio £ H 1 (Q, Go) represent the 
difference between (Wo, ( , )o) and (V, ( , )). So in fact 

0o e ker(.ff 1 (Q,Go) — > ^(M.Go)). 

Let J denote the Ao Rosati involution on Go and define an algebraic group Hq^ /Q 
by 

H^(R) = {g e (Go ® Q R) x : gg % ° e i? x }. 

There is a natural isomorphism 

# AV x Q A°° ,p AG x q A°°' p 

coming from the isomorphism V P A = Wo ®q A°° ,p . As in Lemma V.3.1 of |HT01] 
the polarizations of A which induce complex conjugation on i(F) are parametrized 

by 

ker^CQ,^) — > ^(K,^o AV ))- 
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Let A(Go) and A(Hq Y ) be the groups denned in Section 2.1 of |Kot86j . so that 
there are sequences 

H\Q, Go) — ► H\Q, G (A)) — ► A(G ) 

and 

H\®,H£ V ) — ► tf x (Q,If AV (A)) — > A(i/ AV ), 
which are exact in the middle. Note that as all primes of i* 1 " 4 " above p split in i* 1 
we have H x (Q p ,G ) = (0) and ff^Qp, Jf£ v ) = (0). Thus the image (/>~' p of O in 
H 1 {Q,G (A CO ' P )) maps to in A(G a ). By Lemma 2.8 of |Kot92] 

i I 
A(H^) = A(G ) 

commutes. Thus thinking of c^°' p € ff^Q, i? AV (A°°' P )) we see that it can be lifted 
to 

<£ AV e ker^Q, J# V ) — > ^(R.ffAV)). 
Let A denote the corresponding polarization of (A, i). There is an isomorphism 

r? p : V ® Q A°°- p -A- y p A 

of A^' p -modules with alternating pairings up to (A°° ,p ) x -multiples. Moroever for 
i = 2,...,r the p-divisible group Afiw? ] is etale and so there are isomorphisms 
(» ! - m 'A i /A t 4 A[wT% Thus 

as desired.] 

Just as in Section III. 4 of |HT01j . one deduces that each is non-empty and 

smooth of pure dimension h. Over there is a short exact sequence 

-> 5° -> -»• 5 0t -> 

where 5° is a formal Barsotti-Tate O^io-module and G ct is an etale Barsotti-Tate 
0F,™-module of CV.uj-height h. 

We define an integral model for Xjj over Of,w (for sufficiently small U p ) as 
on page 480 of |TY07j . It represents a functor Xu from the category of locally 
Noetherian O^.^-schemes to sets which, as above, is initially defined on the category 
of connected locally Noetherian Op^-schemes with a geometric point. It sends a 
pair (5, s) to the set of equivalence classes of (r + 4)-tuples (A, A, i, rj p , C, {otiY i=2 ) 
where (A, X,i,rj p , {ai}l =2 ) is as in the definition of Xu (S,s) and C is a chain of 
isogenies 

C : Qa = Go -> Gi ->• >■ £ n = Ga/Ga[w] 

of compatible Barsotti-Tate ^-modules, each of degree #k(w) and with com- 
position equal to the canonical map Ga —> Ga/Ga[w). By Lemma 3.2 of [TY07] . 
which holds equally well in our situation, the functor Xjj is representable by scheme 
Xjj which is finite over Xjj - 

Let U p be sufficiently small and let X\j = Xjj x OFm k(w) denote the special 
fibre of Xjj. By parts (1) and (2) of Proposition 3.4 of [TY07 (whose proof applies 
in our situation), Xjj has pure dimension n, it has semistable reduction over Of, id, 
it is regular and the natural map Xjj — » Xtj is finite and fiat. We let Au denote 
the universal abelian variety over Xjj- 
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We say that an isogeny Q — >■ £7' of one-dimensional compatible Barsotti-Tatc 
0i?.iij-modules of degree #k(w) over a scheme S of characteristic p has connected 
kernel if it induces the zero map LieC? — > Lie£?'. Let Y\j^ denote the closed sub- 
scheme of Xjj over which Q\—\ — > Gi has connected kernel. By part (3) of Propo- 
sition 3.4 of [TY07] . each Yu,i is smooth over Specfc(w) of pure dimension n — 1, 
Xu = U" =1 Y{7,i and for i ^ j the schemes Yu,i and Yf/j have no common connected 
component. It follows that Xjj has strictly semistable reduction. 

For each S C {1, . . . , n}, we let 

Y UtS = f) Yu,i and Y% s = Y v , s - [j Y V , T . 

ieS TDS 

Since Xjj has strictly semistable reduction, each Yu,s is smooth over k(w) of pure 
dimension n — #S and the Y^g are disjoint for different S. 

The inverse systems Xjj and -X[/ , for varying U p , have compatible actions of 
G(A°°' P ). For each S C {1, . . . , n}, the inverse systems Yu,s an d Y/yg are stable 
under this action. As in the characteristic zero case, the actions of G(A°°' P ) extend 
to actions on the inverse systems of the universal abelian varieties Au and Ajj - 
Here the action is by prime-to-p quasi-isogenies. 

Let £ be an irreducible algebraic representation of G over Q ; . If I ^ p, then the 
sheaf extends to a lisse sheaf on the integral models Xu and Xjj ■ There exist 
non-negative integers and and an idempotent G Q;[SVn 5 K F m z] (where 
S m( is the symmetric group on m^-letters) such that 

®e 5 (F v (SqQ,)®" 1 *. 

This follows from the discussion on pages 97 and 98 of [HT01 (applied in our 
setting) . Let TV > 2 be prime to p and let 

£ (m s , TV) = [] LI nSnJ e ®l(N z >-°) m t) 

x=ly^l 

where [N] x is the element of (TV z s°) m « with TV in the x-th entry and 1 in the 
other entries and where y runs from to 2[F + : Q]n but excludes 1. Thinking of 

(TV z >°) m « c we set 

0« = a?,W - TV) 2 "" 1 G Q;[S m , K 

Let proj denote the map A™** — > Xu and for a = 1, . . . , mg, let proj a : Au — > Xjj 
denote the composition of the a-th inclusion Ajj ^ A™^ with proj. Then we have 
the following (see page 477 of |TY07j ): 

e 5 e(£,TV)i? m «proj,(Q ; =^; 

ci£ acts as an idempotent on each H 3 (A u i Xp m F w ,Qi(t^)) and moreover 

'(0) _ U<mt) 

W~ m i{Xu x Fw F w ,jr s ) (j>m e ). 



e(£,JV)#proj,Q, = 



Let A v g = ./U^ Yi/.s- As C/ p varies, the inverse system of the -4 [75 inherits 
an action of G(A P '°°) by prime-to-p quasi-isogenies. We now make the following 
definitions. 
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• Define admissible Q ( [G(A°°'P) x G F ]-modules: 



Up 

Hi (4Z\ m y®i) ~}n$H*(Ap x F F,Qi)- 



Up 

• If Z ^ p, we define admissible Q;[G(A P '°°) x Frob^J-modules: 



Up 

HliYl^s,^) := \v^Hi{Yl s x k{w) k{w), £ £ ) 



UP 



H 3 (A lw{m)tS ,^) :^lunH : >(Au,s Xk(w)k(w),Qi)- 

Up 

• If / = p and a : Wq Q ; over Z p = Z;, where Wo is the Witt ring of k(w), 
then we define the admissible Q;[G(A°°' P ) x Frob^] -module 

H J (Ai w{mh s/W ) ®w Q ,a Q; := UmiP'^s/Wo) Q,. 

(Here (Au,s/Wo) denotes crystalline cohomology and Frob„, acts by the 
[k(w) : F p ] -power of the crystalline Frobenius.) 

We note that if Z ^ p, then acts as an idempotcnt on H 3 ' (Aiv,( m ),Si Qi) an d 



a^ j Ww(m),s,Qi) 



(0) (j < m$) 

Hi- m ((Y Iw{m)tS ,Ct) (j>m e ). 



If Z = p, then acts as an idempotent on H° ' {Ai w ( m ),s /Wq) ®w ,<y Qi- We also 
note that Ip w acts trivially on WD(7J- 7 (X Iw ( m ),£j)|G J?tu ) and thus the latter can 
be regarded as a Frob^-module. 



Proposition 4.1. Let T be a finite set of places o/Q containing {p, oo} U Ram^/Q 
and ZeZ II T e Irr(G„(A T )) be unramified at all v £ T. If I = p, let a : Wo <-t Qi 
over Z; = Z p . Then there is a spectral sequence in the category of admissible 
Q,[G(A Tfm _ {p} ) x FrobJ] -modules 

i^'(Iw(mU) KT {n T } WD(^(X Iw(m) ,^)| GF J^{n T } 

where E\' J (Iw{m),£) = s > max(o ,_ 4) #5 = l+2iS +i H s,s> and 

H j = i*tHj+™t- 2 °(AZ\ m) ,sMk - S )) = H^(Y lw(m) . s ,Cd-s)) (l*P) 
s ' s \HW+ m ^(AZ\ m) . s /W ) ® Wa ^ Q ; (t c - s) (I = p). 

Moreover, the monodromy operator N on WD(i7 4+: ' (X Iw ( m ), C^)\g Fw ) rT {H T } is 
induced by the identity map 

N: a^+^iATJ^sMk-s)) 

#S=i+2s+l 

^ a^-^-^HAZU s Mk -{s- 1))) 

#S=(i+2)+2(s-l)+l 
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in tte case when I ^ p ( resp. 

#S=i+2s+l 

^ a^ '- 23 ^- 2 ^- 13 ^^)^/^) Qi(k - is 1)) 

#S=(i+2)+2(s-l)+l 

in the case when I = p). 

Proof. The proof of Proposition 3.5 of |TY07j shows that we have a spectral se- 
quence El' J (Iw(m), £) =^> WD(i? I+:, (X Iw ( m ),£ 5 )| GFm ) and that the monodromy 
operator N on WD(i/ 1+J (X Iw ( m ), ££)| GfV ) is induced by the maps above. The 
result now follows from the fact that R n- R rT {H T } is an exact functor from the 
category of admissible Q l [G(A°°' p ) x Frob^J-modules to the category of admissible 
Q;[G(A Tfin _ {p} ) x Frob^j-modules. □ 

5. Relating the cohomology of Yu. s to the cohomology of Igusa 

varieties 

Let U p C G(A°°<p) be sufficiently small and let m G Z^ 1 . Following Section 4 
of |TY07j , we can relate the cohomology of the open strata s to the cohomol- 
ogy of Igusa varieties of the first kind. For h = 0, . . . , n — 1 and m\ G Z>o, let 

ijjp / mi m )/^u denote the Igusa variety of the first kind defined as on page 121 of 
HTOl]. It is the moduli space of isomorphisms 

af : (w- m '0 F , w /0 F , w yi- {h} G ct [w mi ]- 

Let ijj ^ /X^ be the Iwahori- Igusa variety of the first kind defined as on page 487 
of |TY07j . It is the moduli space of chains of isogenies 

g ct = Go -> Qi -> — >Gh = G ct /g ct [w] 

of etale Barsotti-Tate 0F,io-modules, each of degree #k(w) and with composition 

J (h) and T {h 



equal to the natural map G ct — > G et /G et [w]. Then ijjj , and are finite 



etale over and the natural map 1^ ^ n — » is finite etale and Galois with 

Galois group Bh{k(w)). The inverse systems I^p f mi TO ) and , for varying U p , 
inherit an action of G(A°°' P ). Let £ be an irreducible algebraic representation of G 
over Qj. If I ^ p, then £ gives rise to a lisse sheaf £5 on 7^ , * and 

For S C {1, . . . , n} and h = n — #S, there is a natural map ip : g — > 1^ 
which is defined by sending the chain of isogenies C to its etale quotient. By Lemma 
4.1 of |TY07j this map is finite and bijective on geometric points. By Corollary 4.2 
of op. cit. we have 



^cUSfl,m)X^) fc H,A) B '*«»)) 



'£/J>,(l,m) 

for each i G Z>o and these isomorphisms are compatible with the action of G(A P '°°) 
as U p varies. 
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If I 7^ p, set 

17* 

This is an admissible Q / [G(A 00 ' P ) x Frobfj- module. Define 

[H(Y IW(m)rS ,c e )} = ^(-i)"-# s - 4 ff l (y Iw(m)iS ,/: c ) 

i 

in Groth/(G(A°°^) x FrobJ,). 

There is, up to isomorphism, a unique one-dimensional compatible formal 
Barsotti-Tate 0F,uj-niodule 'SF m ,n-h over k(w) of ©p.^-height n — h. We have 
End o F m (^F m ,n-h) S^zQ — Dp^.n-hi the division algebra with centre F^, and Hasse 

invariant l/(n - h). For mi e Z> , let Ig[f j ( m m ) li^ul x fcO) k(w)) denote the 
moduli space of Oir^-equi variant isomorphisms 

that extend etale locally to any level > mi. (In the notation of IShilOj . for 
each < h < n — 1, there is a unique 6 6 B(Gq p ,—fj,) corresponding to h (see 

displayed equation (5.3) of op. cit.). If to = (toi,...,toi), then Ig[^ ? ( mi m j is 
denoted Ig 6 UP m in [Shi 10] (see Section 5.2 of op. cit and Section 4 of |Man05| ). 
We have simply extended the definition to 'non-parallel' (mi, m) € Z> x Z>q . We 

also note that the notation Ig^ is used in place of Ig fc in Section 7.3 of |ShilO| .) 
If I p and £ is an irreducible algebraic representation of G over Qj, then £ gives 
rise to a lisse sheaf on each Ig^p , mi m y Let 

^(IgW,A)= lim ^(Ig^ )(mi , m) ,A). 

U p ,mi ,m 

This is an admissible Q / [G(A°°^) x jW (Q p )]-module where 

r 

JM(Q P ) = Q; x (D* wn _ h x GL h (F w j) x]jGL n (F m ) 

i=2 

(see Section 5 of [ShilO] . where J'^(Q P ) is denoted Jh(Q p ), with 6 being the element 
of B(Q P , —fj) corresponding to h; in Section 7.3 of op. cit., Jb is denoted J^). We 
have 

^(igW Af ?x(oS ^ 

where the latter is regarded as an admissible Q/[G(A p '°°)]-module. Moreover, the 
action of Frobu, on the right hand side corresponds to the action of 

r 
i=2 



LOCAL-GLOBAL COMPATIBILITY FOR I = p, I. 



19 



on the left hand side, where wd f „_ h is any uniformizer in DF m ,n-h- We let 
[H c (IgW, £ e )] = X)(-l) h -^(IgW,£ f ) 

i 

in Groth i (G(A oc ^) x J (,l) (Qp))- A s on page 489 of |TY07j . we have 

[i/(y IW(m)iS ,A)] = x;(- i ) (n " #s) - (n " #r) [^( / £sr ) ' £ c)]- 

, j subsets T D S with n — #T = /i, we deduce the following: 

Lemma 5.1. Suppose I ^ p and S C {1, . . . , n}. Then we have an equality 
[J?(ilw(m),S)A)] = 

in Groth ; (G(AP' 00 ) x Frob^,). 

6. Computing the cohomology of Y UiS 
In this section we deduce analogues of Proposition 4.4 of |TY07j . 

6.1. The stable case. Let II 1 be a RACSDC automorphic representation of the 
group GL n (Ap). Suppose that II 1 is S 1 -cohomological where S 1 is an irreducible 
algebraic representation of Rp/qGL n over C. Assume that 

• RamQ(L Tl ) C Spl F / f+iQ . 

By Lemma 7.2 of |ShilOj . we can and do choose an algebraic Hecke character 
ijj : Ag/E x — >• C x and an algebraic representation £c of G over C such that 

• Vtii| a x = 

• If 5 is the representation of G n over C corresponding to £c as in Section [21 
then S 1 is isomorphic to the restriction of S to (Rp/QGL n ) xq C; 

• 6c|~x = -0So (see below); 



C Spl F / F + Q; 

• ij) is unramified at u (recall that u is the prime of E below the wi). 

(We note that Lemma 7.2 of [ShilQ. does not guarantee that ip be unramified 
at u, but the fact that this can be achieved follows from the proof of Lemma 
VI.2.10 of |HT01| .) In the third bullet point, we consider E^ embedded in G(R) C 
R x x GL(V ®q K.) via the map z n> (zz c , z). It then follows from the third bullet 
point that Ri yl {ip) is pure of weight — 2t^. Set 

n v^n 1 . 

Then LT is a S-cohomological automorphic representation of G n (A) = GL\(Ae) x 
GL n (Ap). Note that LT 1 , ip and LT satisfy the assumptions of Section [XT] Let £ = 
* _1 £c) an irreducible algebraic representation of G over Q { . Let n p £ Irr;(G(Q p )) 
be such that BC p (nr p ) = LT P (note that ir p is unique as p splits in E). 
The next result follows from Proposition 7.14 of [ShilOj . 
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Proposition 6.1. Suppose that I ^ p and 7r p ^ (0). Let T D {oo} be a finite 
set of places of Q with Ram F /Q U RairiQ(II) U {p} C Tfi n C Spl F / F + q. T/ien /or 
every S C {1, . . . , n}, we have 

^(^iwM,5,/: ? ) i " r {n T } = (o) 

for j ^n- #5. 

The following corollary can be proved in the same way as Corollary 4.5 of |TY07| . 

Corollary 6.2. Suppose that I — p and a : Wq Q; over Z p = Z/. Let T D {oo} 
6e a finite set of places of Q with Ram F /Q U RamQ(LI) U {1} C Tfi n C Spl F / F+; Q. // 
lw(m) _^ then for every S C {1, . . . , n} ; we /iaue 

a e (H^(AZ\ m) , s /W ) ®Wo,* Q0 KT {n T } = (0) 

/or j ^ n - #5. 

In the next result we place no restriction on the primes I and p. 

Corollary 6.3. // 7rp w(m) =1 0, then WD( J R"7 1 (n)| GFi J is pure of weight m c - 
2t^ + and WD^j ^Il 1 )^^) is pure of weight n — 1. 

Proof. Let T = {oo} U Ram F /Q U Ram<Q(n) U {p} and let D — dim7Tp W( ' m '. Let 
T" = Tfi n — {p}. By Theorem 13.11 we have an isomorphism of Q; [G„ (A F ' ) x Gf}- 
modules 

BC T ,{H n -\x lw{m) , c 6 ) KT {n T }) - ((i- 1 ^) ® ^(n))®^. 

By proposition 14. 1| there is a spectral sequence 

i^(iw(mU) A ' T {n T } => WD^^^Jicj^fn 1 '}. 

Using Proposition 16.11 (when I ^ p) and Corollary 16.21 (when I — p) we see that 
El'-* (Iw(m),£) KT {H T } — (0) unless £ + j = n — 1, and thus the spectral se- 
quence degenerates at £i. Let 7r F < denote the unique element of Itti(G(At<)) with 
BCt'(7t T ') = i^Ut,. Then, for i + j = n - 1, £^ J (Iw(m), £) A ' T { nT } is of thc 
form 7Tt' ® i?j where Rj is a finite dimensional QjFrob^J-module which is pure of 
weight j + toj — 2t^ (and possibly zero). The first statement now follows from this 
and the description of the monodromy operator N in Proposition 14. II The second 
statement follows from the first statement together with Theorem 13.11 and Lemma 
1.7 of [TY07] . □ 

6.2. The endoscopic case. Suppose we are in the following situation: 

• LTi is a RACSDC automorphic representation of GL„_i(A F ); 

• RamQ(IIi) c Spl F / F+iIJ ; 

• LTi is cohomological for an irreducible algebraic representation Si of the 
group R F /q(GL n -i) over C; 

• LTi has Shin-regular weight. 

Lemma 6.4. We can find 

• a continuous algebraic character n 2 : A F /F X — > C x with ITJ 1 = n 2 o c; 

• a continuous algebraic character ip : A^/E x — > C x ; 

• a continuous character w : A F /E X — > C x ; and 

• an irreducible algebraic representation £c of G over C 
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such that if we set 

Um,i ■= III ig> (to o N F / F o det) 
IIm,2 : = II2 

n 1 := n-indg^_ ixGLi (n M)1 ®n M ,2) 

and let 

• 3 fee f/ie irreducible algebraic representation of& n ewer C which corresponds 
to £c fl s wi 5eciion[H' 

• 2 1 := Z\R F/Q (GL n )x Q c, 

then 

• RamQ(n 2 ) C Spl F/F+:Q ; 

• II2 is unramified at u; 

• Ram Q (?/0 C Spl F/F+jQ ; 

• Cd F x = 

• ip is unramified at u; 

• Rannj(n7) C Spl F / F+jQ ; 

• tn| A x factors through A X /Q X R> and equals the composite of ArtQ with 
the surjective character Gq 1 -» Gal (-E/Q) {±1} (note that this implies 
zu^ 1 = zu o c); 

• zu is unramified at u; 

• II 1 is cohomological for S 1 (note that II 1 is irreducible, as Hm.i o,nd Um,2 
are unitary, and also that (II 1 ) v = II 1 o c); 

• ipni\ A x — ip c /ip (recall that ip^i denotes the central character of II 1 ). 

Moreover, if we apply Theorem \ 3.2\ to II, then alternative (2)(a) holds. In other 
words, the integer B2{H, G) equals 1 and if ' £ = i -1 £c? then 

R n ( j\nr s ^, t (ni) GG ® RU^w\ ■ \ 1/2 )\ Gf . 

Proof. This follows by combining Lemmas 7.1, 7.2 and 7.3 of ShilO . (More pre- 
cisely, we first choose zu using Lemma 7.1. The extra condition that zu be unramified 
at u is easily achieved - in the proof of Lemma 7.1 we add the primes u and u c to 
the set R and insist that zu° takes value lonpe and on p G E x c . We then make 
two candidate choices \ an d x' f° r II2 with x _1 = X c i R am (j(x) C Spl F / F +(Q) 
and x unramified at u and with y/ having the same properties. In addition, we 
assume that the infinity type of x an( i x' are as prescribed in the paragraph be- 
fore Lemma 7.2 of [ShilO] . (The fact that we can find such characters follows for 
instance from Lemma 2.2 of [HSBT06] .) Lemma 7.2 of [ShilO] then tells us that 
we can choose pairs (V>,6c) an d [ip',€c) corresponding to the choice of U 2 = x or 
IT2 = x' an d satisfying all the required properties except the requirement that ip 
and ip' be unramified at u and the requirement that the integer e2(II, G) equal 1. 
However, the proof of Lemma VI. 2. 10 of [HTOlj shows that we may choose ip and 
ip' to be unramified at u and Lemma 7.3 of |ShilO| shows that for one of the choices 
(XjV'jCc) or (x'iip'>£c)> * ne corresponding integer e2(II, G) equals 1.) □ 

Choose II2, ip, zu and £c a s in the above lemma and keep all additional notation 
introduced there. Let 

n = n 1 , 
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an automorphic representation of G n (A). Let tt p £ Irr/(G(Q P )) be the unique 
representation with BC (z7r p ) = n p . Write ir p — 7r p <g> n w ® (<8>i =2 7r i«i) corresponding 
to the decomposition G(Q P ) = <Q p x GL n (F w ) x n[=2 ^™ (-^» ) ■ Let n M,w,i = 
i _1 nM,i,uj G ^(GLn-^Fu,)) and 4 n M ,2,» Glrr;(GLi(F w )). 

For a,i e Z>o, let 

n-Red a ' b : Groth ^GL^i^)) _> Groth >a x GL b (F w )) 

denote the composition 

Groth ; (GL a+b (F w )) Groth , (GL a ) x GL b (F w )) 

Groth ,(^„, a x GL b (F w )) 

where is unipotent radical of the parabolic subgroup of GL m consisting of 
block lower triangular matrices with an (a x a)-block in the upper left corner and 
a (b x 6)-block in the lower right corner; 

Jjvop : Groth^GMFj) -»• Groth i(GL a (F w ) x GL b {F w )) 

is the normalized Jacquet module functor; and 

LJ a : Groth ; (GL a (F^)) -> Groth, (D*^) 

is the map denoted LJi in Proposition 3.2 of [BadQ7]. (See Section 2.4 of |ShilO| .) 



Let 



denote the character which sends (g p ,o, (d,g),gi) G Q p x (D F n _ h x GLh{F w )) x 
I1U GL n {F Wi ) to | det(rf) h det( 5 )-("- h >|^ 2 . 

Theorem 6.5. Suppose I ^ p. Let T D {oo} be a finite set of places of Q wii/i 
Ramp/Q URamQ(IT) U RamQ^) U {p} C Tfi n C Spl F / F + iQ . Then 

{H c (ig {0 \£ i )W T } = (0) 

while for 1 < h < n — 1, we /iawe an equality 

Bc p ([# c (ig (h) ,£ 5 )][n T ]) = c G [r 1 ii° < 3 ']x 

U7Tj,,o ® n-Indg^ ( ^'" J i ) {j; , ro) (n-Red n ~' l '' 1 ~ :L (-7rM,u.,i) ® 71-^,10,2) ® (®r=2i"ii) i )J ® J -1 ^^! 
m Groth /(G„(A 0o,p ) x J ( ' l) (Q P ))- 

Proof. The result is essentially a rewording of part (ii) of Theorem 6 . 1 of jShilOj . We 
freely make use of the notation of op. cit. for the rest of this proof. Let < h < n — 1 
and let b G B(Q p) —fi) correspond to h (in the sense explained above). The constant 
e\ which appears in the statement of Theorem 6.1 of [ShilOj is equal to (— l) n_1 = 1 
by Corollary 6.5(h) of op. cit. Lemma [6.41 above, and the choices made after it, 
guarantee that the constant e 2 also equals 1. Applying Theorem 6.1 of [ Shi 10) . we 
obtain 

BC^[H c (Ig {h \^)][n T }) = 

G G (-l)V 1 n oo ' p ] x [I (Red I b l ( 7 r p ) + Red^ lil (^ p )) . 

(We remark that our definition of [H c (lg^ h \ Le )] differs from Shin's definition of 
H c (Ig b ,L^) by a factor of (— l) h .) We have Red„_ 1 i(tth, p ) = n-Red n _j i(tth, p ) <X> 
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i~ 1 S Ph (see Section 5.5 of ShilO]). By Lemma 5.9 of |ShilO] and the discussion 
immediately preceding it, we have 

n-Red^(7T p ) + n-Red^ ^(717^) = e p (J b )iT pfi ® 2X 1 (h,Tt H , P ) ® (^=2^) 
where 

JO (h = 0) 

X l {h,^ H , p ) - | n . Ind G^(F^ )(n . Red „-,, h _ 1( ^^ g ^ ^ (M Q) • 

Moreover, e p (J b ) = = (-1)' 1 (see Case 1 in Section 5.5 of jShilOj ). The 

result follows. □ 

In Remark 7.16 of [ShilO] . Shin indicates that the following result can proved in 
the same way as Proposition 7.14 of op. cit.. We give a self-contained proof here 
for the benefit of the reader. 

Proposition 6.6. Suppose I ^ p and ■n p w ^ m " > 7^ (0). Let T D {00} be a finite set of 
places of Q with Ramp/Q U RamQ(II) URamQ^) U {p} C Tg n C Splpy^+Q. Then 
for every Sc{l,...,fi} we have 

w(Y lw{mhs ,£z) KT {n T } = (0) 

for j j^n - #5. 

Proof. Let D = CG(dim(<g>[ =2 7r„, i ) c/ ™( m )). We deduce from Theorem 16.51 and 
Lemma 15.11 that 

n-#S . _ ■ 

BC p [H(Y l ^ mhSl ^)][n T ]=D[t' 1 Tl ac - p } x Y, (~l) n ~* S - h r * b 

tt% ® (n-Ind^^ i ) (Fiu) (n-Red"-' 1 '' I - 1 (^M, lu ,i) 8 n M , w , 2 ) ® r 1 ^ 2 )""* 

in Groth / (G„(A I) ' 00 ) xFrobJ) (recall that Frobv, acts via (p-M™)^) ( ^ ; 1)) 

in Q* x (Dp^ n _ h x GL h (F w ))). Since 7i> w(m) / (0), we can write 7Tm,uj,i = 

Sp Sl (7Ti)ffl- • -fflSp St (7r t ) where each 7Tj is an unramified character ttj : F* — y Q* . As 

Hm,i is generic, we know that ttm,w,i = n-Ind p(i ^ u ""(Sp si (m) ® • • • <g> Sp St (7r t )) 
where P C GL„_i is an appropriate parabolic subgroup. 

Using Lemma 1.3.9 of (HTOlj and Theoreme 3.1 and Proposition 3.2 of |Bad07j . 
we see that for 1 < h < n — #S, 

n-IndQ^^l^^n-Red" - ' 1 '' 1- ^^/,^,!) ® ^M, 111,2) = 

EiK*i ■ • l|:^ 1)/2 ) ° det] x [n-Ind^^Sp^^) W • |^)® 

Sj> s . (7Tj)) ® 7TM,to,2)] 

in Groth;(Z)p n /l x GLh(F w )), where the sum is over all i such that Si > n — h, 
and P' C GL/, is an appropriate parabolic subgroup. (As pointed out in |TY07j . 
there is a typo in Lemma 1.3.9 of [HTOlj — 'positive integers hi, . . . , ht should be 
replaced by 'non-negative integers hi, . . . , ht-) Moreover, 

dim (n-Ind^2'" ) ( S P»«-(n-A)( 7r <l ' (®#* Sp «, ^ ^-j)^" 
ft! 
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(see page 490 of |TY07j ). From this we deduce that 

BC p [i7(r Iw(m) , s ,£ c )][n T ] = z^ip^x 

where V, = rec^r 1 • z" 1 ] • |£~ n)/2 (7r Pi o o N Fw/E J- 1 ). As on page 490 of |TY07j . it 
follows that 

BC*{H(Y Mm)>s ,£t:)W T } = D[i-in°°*]x J2 TTTT ^' 

As IIi u, is unitary and tempered (by Corollary 1.3 of jShilOj ) and rec(7r p .o) = 
i~ 1 Tec(tfj u ) is strictly pure of weight 2t^ — (since £c|pi = V'So); we see that 

rec^^ „, i (g> ■ \F~ n ^ 2 (^p,o °^F W /E U )~ 1 ) is P ure 01 weight — 2t% +n — 1. If 
Sj = #5, it follows that Vi is strictly pure of weight — + n — 1 — (#5 — 1) = 
77i£ — 2tj + rt — #5. The Weil conjectures now imply that if j ^ n — #5 then 

[H^Y Iw{m)tS , A)][n T ] = a s [^«(^ Iw(m)>gl Q z (*e))][n T ] - (o) 

in Groth i (G(AP'°°) x FrobJ,). Since 

[H^Y Iw{mhs ,^) KT {Il T }} = ([H^Y Iw(mls ,^)}[U T ]) KT 

in Groth;(G(Ay fin _{ p }) x Frob^,), the result follows. □ 

The proof of Corollary 4.5 of |TY07] allows us to deduce the following. 

Corollary 6.7. Suppose that I = p and a : Wo Q; over Z p = Z/. Let T D {oo} 
&e a finite set of places of Q with Ram F /Q URamnj(II) U {p} C Tfi n C Splpy F + q. If 

•ffiwtm) 7^ (0), i/ien for every S C {1, . . . , n}, we have 

at(H j+m t(AZ\ mhs /W ) ®Wo,a Q;)" fs " T {n^} = (0) 

for j ^ ri - #5. 

The next corollary follows from the previous two results combined with Theorem 
13.21 and the proof of Corollary 16.31 

Corollary 6.8. If 7rp w(m) ^ 0, then WD^J 1 ^)^^ ) is pure of weight m ? - 
2i^ + n — 1 and WD(i?; :l (IIi)|(3 Fiu ) is pure of weight n — 2. 

7. Proof of Theorem 11.21 

We now complete the proof of Theorem 11.21 Suppose that v\l is a place of L 
with IlJj Wm '" 7^ {0}. Choose a finite CM soluble Galois extension F/L such that 

• [F+ : Q] is even; 

• F = EF + where E is a quadratic imaginary field in which I splits; 

• F splits completely above v; 

• BC f/l(II) is cuspidal; 

• Ram F /Q URamQ(BC F / L (II)) C Spl Q F/F+ . 
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(See the argument in the penultimate paragraph of [ShilO .) Let I and i : Q t ^> C 
as given to us by the statement of Theorem 11.21 Choose another prime V ^ I and 
i' : Q;/ —> C. Recall that in Section[2]we introduced notation that was then in force 
from Section [3] to Section [SJ We will shortly apply the results of these sections in 
two scenarios - one where the pair (Z,z) of Section [5] is equal to the pair of 
the statement of Theorem 11.21 and one where the of Section [2] is equal to the 
pair chosen above. The rest of the notation we fix as follows: we take E,F 

and F + as chosen above. We take p — I and let w be a prime of F lying above the 
prime u of I. This determines u and w\, . . . , w r . We choose some r : F <^-» C and 
*p : Q P ~~ ^ C such that i~ x o r induces u>. We take n = to if to is odd and n — m + 1 
otherwise. Finally we choose a set of data (V, (■, •} satisfying the assumptions 
of Section [21 

Suppose first of all that to is odd. Denote BC f/l(Hl) by II 1 . We choose 
ip and £c as in Section 16.11 and set II = ip ® II 1 , £ = z _1 £c an( l £' = (i') _1 ^c- 
Define #£7* (ft) and 5^(5) as in Section O Then fl^n) 88 ^./(II 1 )^ ® 
(^)|gf by Theorem 13. II and hence 

t'WD(^r,J(fi)"| G , w ) p -" S rec((n^) v ® | • l^-")/ 2 o det) CG ® rec^" 1 ° N^/^J 

by Theorem 1.2 of [ShilOj . Let T D {oo} be a finite set of places of Q with 
Hani/- •; U RamQ(n) U {p} C Tfi n C Spl F / F + iQ and let T" = Tfl n - {p}. Let 7Ty t . n be 
the unique element of Irr/< (G(Aj' fln )) with BC T fin {i'^Ti- ) = nT tin - Choose m 6 Z' r_1 
and a compact open subgroup J7 T ' C G(A T >) such that (4 tm ) Iw(m)xt,T ' 7^ 
Let (e') T £ Q r [X T \G(A T )/X T ] be an idempotent with_(e') T i? KT = R rT {IF} 
whenever R is one of _fP(X[ w ( m ), £^/) or Of-H^'C^Wm) S> Qp)- Then each of these 
spaces is 7r^, -isotypic. Let e = i~ l i'e' '. Then for each a 6 Wf„i J > 0, 5 C 
{1, . . . ,n} and a : Wo Qi over Zi, we have 

z'tr (ae>a e \W {A^ (m) s Mv )* T x u ") = 
l tr(aea 4 |(^(CM,5/ W/ o) ®W 0t * Q 1 ) kT * u t') 

by the main results of [KM74] and [GM87]. For each j > 0, we have 

ea ( (W(AZ% nls /W ) ® Wo , CT Qt)^ C ^(^(^^), S /Wo) ®w , CT Qz) KT {n T } 

e(^'(^i w (m)/Wo) ®w„,<r Q ; ) KT c (^'(X Iw(ro) /W ) ® Wo , CT Q ; ) KT {n T }- 

We then deduce from the previous equality of traces together with Proposition 16. 1\ 
Corollary 16.21 Proposition 14.11 and Theorem 13.11 that the two inclusions above are 
equalities (for dimension reasons) and moreover that 

I'tr (a|WD(^r/(ft)| GF J) = rtrHWDC^ffijtaJ) 

for each a € Wf w and hence 

zWD(i? 5 7 1 (II)| GF J ss S (rec((ni) v ® | det ® rec^" 1 o N,„ /K J. 

Since ^™~ 1 (LI) SS = i^II 1 ) 00 ® i? /i4 (^)| GF , by TheoremEl we see that 

l WD( J R i , 8 (II 1 )| Gp J S8 = rec((n^) v ® | det p-")/ 2 ) 88 . 
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By Proposition 11.11 it suffices to show that WD(i?i jI (n 1 )|G Fro ) is pure and this 
is established in Corollary 16.31 As v splits completely in F, we have established 
Theorem II .21 in the case when m is odd. 

Now suppose that m is even and denote BC f/lC^-l) by Hi. We choose ip, m , 
II2 and II 1 as in Lemma f6T4l Set IT = ip <g> IT 1 and £ = i _1 £c an d = («') _1 £c and 
define ^J^fi) and R^iU) as in Section 13.21 The proof now proceeds exactly 
as in the case where m is odd except that we replace the appeals to Theorem 
13.11 Proposition [O] Corollary 16.21 and Corollary 16.31 with appeals to Theorem [321 
Proposition ^. 61 Corollary 16 . 71 and Corollary 16.81 respectively 
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